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SOME EXTENSIONS OF THE YOUNG AND HEINZ
INEQUALITIES FOR MATRICES
M. HAJMOHAMADI1, R. LASHKARIPOUR2 AND M. BAKHERAD3
Abstract. In this paper, we present some extensions of the Young and Heinz in-
equalities for the Hilbert-Schmidt norm as well as any unitarily invariant norm. Fur-
thermore, we give some inequalities dealing with matrices. More precisely, for two
positive semidefinite matrices A and B we show that∥∥∥AνXB1−ν +A1−νXBν
∥∥∥2
2
≤
∥∥∥AX +XB
∥∥∥2
2
− 2r
∥∥∥AX −XB
∥∥∥2
2
− r0
(∥∥∥A 12XB 12 −AX
∥∥∥2
2
+
∥∥∥A 12XB 12 −XB
∥∥∥2
2
)
,
where X is an arbitrary n × n matrix, 0 < ν ≤ 1
2
, r = min{ν, 1 − ν} and r0 =
min{2r, 1− 2r}.
1. Introduction
Let Mn be the C∗-algebra of all n × n complex matrices and 〈 · , · 〉 be the stan-
dard scalar product in Cn. A capital letter means an n × n matrix in Mn. For
Hermitian matrices A,B, we write A ≥ 0 if A is positive semidefinite, A > 0 if A
is positive definite, and A ≥ B if A − B ≥ 0. A norm ||| . ||| on Mn is called uni-
tarily invariant norm if |||UAV ||| = |||A||| for all A ∈ Mn and all unitary matrices
U, V ∈ Mn. The Hilbert-Schmidt norm is defined by ‖A‖2 =
(∑n
j=1 s
2
j(A)
)1/2
, where
s(A) = (s1(A), · · · , sn(A)) denotes the singular values of A, that is, the eigenvalues
of the positive semidefinite matrix |A| = (A∗A)1/2, arranged in the decreasing order
with their multiplicities counted. This norm is unitarily invariant. It is known that if
A = [aij ] ∈Mn, then ‖A‖2 =
(∑n
i,j=1 |aij |2
)1/2
. The trace norm of A can be expressed
as tr(|A|) = ||A||1 =
∑n
j=1 sj(A).
The classical Young’s inequality says that for positive real numbers a, b and 0 ≤ ν ≤ 1,
we have aνb1−ν ≤ νa + (1 − ν)b. When ν = 1
2
, Young’s inequality is the arithmetic–
geometric mean inequality,
√
ab ≤ a+b
2
.
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Zhao and Wu in [11], refined the Young’s inequality in the following form
a1−νbν + S1(ν) + r(
√
a−
√
b)2 ≤ (1− ν)a + νb, (1.1)
where
S1(ν) =
(
(−1)r02ν + (−1)r0+1
[
r0 + 1
2
])(
4
√
b2−kak− 4
√
ak+1b1−k
)2
, (1.2)
0 < ν ≤ 1, r = min{ν, 1 − ν}, r0 = [4ν] and k = [2v]. Here [x] is the greatest integer
less than or equal to x. Also, they proved a reverse of (1.1) as follows
(1− ν)a + νb ≤ a1−νbν +R(√a−
√
b)2 − S1(ν), (1.3)
where 0 < ν ≤ 1 and R = max{ν, 1− ν}. They showed if a, b > 0 and 0 < ν < 1, then
(a1−νbν)2 + r2(a− b)2 + S1(ν) ≤ ((1− ν)a + νb)2, (1.4)
and
((1− ν)a + νb)2 ≤ (a1−νbν)2 + (1− ν)2(a− b)2 − S1(ν), (1.5)
where r = min{ν, 1 − ν}. Applying inequalities (1.4) and (1.5) we have the following
inequalities:
If 0 < ν ≤ 1
2
, then
ν2(a2 + b2)−(2ν2ab+ 2r0a
√
ab− r0(ab+ a2))
≤ ((1− ν)a + νb)2 − (a1−νbν)2
≤ (1− ν)2(a2 + b2)− (2(1− ν)2ab+ r0b
√
ab− r0(ab+ b2)), (1.6)
If 1
2
< ν < 1, then
(1− ν)2(a2 + b2)−(2(1− ν)2ab+ 2r0b
√
ab− r0(ab+ b2))
≤ ((1− ν)a + νb)2 − (a1−νbν)2
≤ ν2(a2 + b2)− (2ν2ab+ 2r0a
√
ab− r0(ab+ a2)), (1.7)
where r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
The Heinz means are defined as Hν(a, b) =
a1−ν bν+aνb1−ν
2
for a, b > 0 and 0 ≤ ν ≤ 1.
These interesting means interpolate between the geometric and arithmetic means. In
fact, the Heinz inequalities assert that
√
ab ≤ Hν(a, b) ≤ a+b2 , where a, b > 0 and
0 ≤ ν ≤ 1.
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A matrix version of Young’s inequality [2] says that if A,B ∈ Mn(C) are positive
semidefinite and 0 ≤ ν ≤ 1, then
sj(A
1−νBν) ≤ sj((1− ν)A+ νB) (1.8)
for j = 1, 2, ..., n. It follows from (1.8) that if A,B ∈Mn are positive semidefinite and
0 ≤ ν ≤ 1, then a trace version of Young’s inequality holds
tr|A1−νBν | ≤ tr((1− ν)A + νB). (1.9)
A determinant version of Young’s inequality says that [4]
det
(
A1−νBν
) ≤ det ((1− ν)A + νB) . (1.10)
In [7], it is shown the Young inequality for arbitrary unitarily invariant norms as follows
|||A1−νXBν ||| ≤ (1− ν)|||AX|||+ ν|||XB||| (1.11)
in which A, B are positive semidefinite n × n and 0 < ν ≤ 1. Some mathematicians
proved several refinements of the Young and Heinz inequalities for matrices; see [6, 8, 9]
and references therein. Sababheh [10] showed that for any A,B,X ∈Mn such that A
and B are positive semidefinite, the following relation holds
|||A1−νXBν |||+ ν(|||AX|||+ |||XB|||)
−
(
2ν
√
|||AX||||||XB||| − r0(
√
|||AX|||+ 4
√
|||AX||||||XB|||)2
)
≤ (1− ν)|||AX|||+ ν|||XB|||, (1.12)
where 0 < ν ≤ 1
2
, r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Based on the refined and reversed Young inequalities (1.1) and (1.3), Zhao and Wu
[11], proved that if A,B,X ∈ Mn such that A and B are two positive semidefinite
matrices, then
(i) If 0 < ν ≤ 1
2
,
r2
∥∥∥AX −XB∥∥∥2
2
+r0
∥∥∥A 12XB 12 − AX∥∥∥2
2
≤
∥∥∥(1− ν)AX + νXB
∥∥∥2
2
−
∥∥∥A1−νXBν
∥∥∥2
2
≤ R2
∥∥∥AX −XB
∥∥∥2
2
− r0
∥∥∥A 12XB 12 −XB
∥∥∥2
2
, (1.13)
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(ii) if 1
2
< ν < 1,
R2
∥∥∥AX −XB∥∥∥2
2
+r0
∥∥∥A 12XB 12 −XB∥∥∥2
2
≤
∥∥∥(1− ν)AX + νXB∥∥∥2
2
−
∥∥∥A1−νXBν∥∥∥2
2
≤ r2
∥∥∥AX −XB
∥∥∥2
2
− r0
∥∥∥A 12XB 12 −AX
∥∥∥2
2
, (1.14)
where r = min{ν, 1− ν}, R = max{ν, 1− ν} and r0 = min{2r, 1− 2r}.
In this paper, we generalized some extensions of the Young and Heinz inequalities for
the Hilbert-Schmidt norm as well as any unitarily invariant norm. Also, we give some
inequalities dealing with matrices. Furthermore, we refine inequalities (1.9)–(1.11).
2. main results
For our purpose we need to following lemma.
Lemma 2.1. [1, Theorem 2 ] Let φ be a strictly increasing convex function defined on
an interval I. If x, y, z and w are points in I such that z−w ≤ x− y, where w ≤ z ≤ x
and y ≤ x, then
(0 ≤) φ(z)− φ(w) ≤ φ(x)− φ(y).
Theorem 2.2. Let φ : [0,∞)→ R be a strictly increasing convex function. If a, b > 0,
then
(i) For 0 < ν ≤ 1
2
,
φ (ν(a + b))−φ
(
2ν
√
ab+ 2r0
√
a
4
√
ab− r0(
√
ab+ a)
)
≤ φ ((1− ν)a + νb)− φ (a1−νbν)
≤ φ ((1− ν)(a + b))− φ
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)
,
(2.1)
(ii) for 1
2
< ν < 1,
φ ((1− ν)(a+ b))− φ
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)
≤ φ ((1− ν)a + νb)− φ (a1−νbν)
≤ φ (ν(a + b))− φ
(
2ν
√
ab+ 2r0
√
a
4
√
ab− r0(
√
ab+ a)
)
, (2.2)
where r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
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Proof. Let 0 < ν ≤ 1
2
. If we put x = (1 − ν)a + νb, y = a1−νbν , z = ν(a + b),
w = 2r0
√
a
4
√
ab + 2ν
√
ab − r0(
√
ab + a), z′ = (1 − ν)(a + b) and w′ = 2(1 − ν)√ab +
2r0
4
√
ab
√
b− r0(
√
ab+ b), then y ≤ x, x ≤ z′. It follows from
2r0
√
a
4
√
ab+ 2ν
√
ab− r0(
√
ab+ a)
≤ r0(a+
√
ab) + ν(a+ b)− r0(
√
ab+ a)
(by the arithmetic-geometric mean)
= ν(a+ b)
≤ (1− ν)a+ νb
and
2(1− ν)
√
ab+ 2r0
4
√
ab
√
b− r0(
√
ab+ b)
≤ (1− ν)(a+ b) + r0(b+
√
ab)− r0(
√
ab+ a)
(by the arithmetic-geometric mean)
= (1− ν)(a + b),
where w ≤ z ≤ x, w′ ≤ z′. Using inequalities (1.1) and (1.3) we have
ν(a + b)−
(
2ν
√
ab+ 2r0
√
a
4
√
ab− r0(
√
ab+ a)
)
≤ (1− ν)a + νb− a1−νbν
≤ (1− ν)(a + b)−
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)
. (2.3)
Hence
z − w ≤ x− y ≤ z′ − w′.
Applying Lemma 2.1 we reach inequality (2.1). Now, If 1
2
< ν < 1, then
(1− ν)(a + b)−
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)
≤ (1− ν)a + νb− a1−νbν
≤ ν(a+ b)−
(
2ν
√
ab+ 2r0
√
a
4
√
ab− r0(
√
ab+ a)
)
. (2.4)
In a similar fashion, we have inequality (2.2). 
By taking φ(x) = xm (m ≥ 1), we have the next result.
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Corollary 2.3. Let a, b > 0 and m ≥ 1. Then
(i) If 0 < ν ≤ 1
2
, then
(
ν(a + b)
)m − (2ν√ab+ 2r0√a 4√ab− r0(√ab+ a)
)m
≤ ((1− ν)a + νb)m − (a1−νbν)m
≤ ((1− ν)(a + b))m −
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)m
;
(ii) if 1
2
< ν < 1, then
((1− ν)(a+ b))m −
(
2(1− ν)
√
ab+ 2r0
√
b
4
√
ab− r0(
√
ab+ b)
)m
≤ ((1− ν)a + νb)m − (a1−νbν)m
≤ (ν(a + b))m −
(
2ν
√
ab+ 2r0
√
a
4
√
ab− r0(
√
ab+ a)
)m
,
where r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
In the following result, we show a refinement of the Heinz inequality.
Corollary 2.4. Let φ : [0,∞)→ R be a strictly increasing convex function. If a, b > 0,
then
φ(r(a+ b))− φ(2r
√
ab+ r0
4
√
ab(
√
a +
√
b)− r0
2
(
√
a+
√
b)2)
≤ φ(a+ b
2
)− φ(Hν(a, b))
≤ φ(R(a+ b))− φ(2R
√
ab+ r0
4
√
ab(
√
a+
√
b)− r0
2
(
√
a+
√
b)2)
for 0 ≤ ν ≤ 1, R = max{ν, 1− ν}, r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Proof. Let 0 ≤ ν ≤ 1. By interchanging a with b in inequalities (2.3) and (2.4), respec-
tively, then we get
r(a+ b)−
(
2r
√
ab+ r0
4
√
ab(
√
a+
√
b)− r0
2
(
√
a +
√
b)2
)
≤ a+ b
2
−Hν(a, b)
≤ R(a+ b)−
(
2R
√
ab+ r0
4
√
ab(
√
a+
√
b)− r0
2
(
√
a +
√
b)2
)
. (2.5)
Now, we put x = a+b
2
, y = Hν(a, b), z = r(a + b), w = 2r
√
ab + r0
4
√
ab(
√
a +
√
b) −
r0
2
(
√
a +
√
b)2, z′ = R(a + b) and w′ = 2R
√
ab + r0
4
√
ab(
√
a +
√
b) − r0
2
(
√
a +
√
b)2.
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Using the arithmetic-geometric mean and (2.5) we have y ≤ x, w ≤ z ≤ x, w′ ≤ z′,
y ≤ x ≤ z′ and
z − w ≤ x− y ≤ z′ − w′.
Applying Lemma 2.1 we get the desired result. 
Example 2.5. If we take φ(x) = xm (m ≥ 1) in Corollary 2.4, then for positive
numbers a and b we reach the inequality
(r(a+ b))m − (2r
√
ab+ r0
4
√
ab(
√
a +
√
b)− r0
2
(
√
a +
√
b)2)m
≤ (a + b
2
)m − (Hν(a, b))m
≤ (R(a + b))m − (2R
√
ab+ r0
4
√
ab(
√
a+
√
b)− r0
2
(
√
a+
√
b)2)m,
where 0 ≤ ν ≤ 1, R = max{ν, 1− ν}, r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
3. Some applications
In this section, we apply numerical inequalities that we achieved in section 2 for
Hilbert space operators. First, we improve the inequalities (1.9), (1.10) and (1.11). To
achieve this, we need the following lemmas.
Lemma 3.1. Let A,B ∈Mn. Then
n∑
j=1
sj(AB) ≤
n∑
j=1
sj(A)sj(B).
The next lemma is a Heinz-Kato type inequality for unitarily invariant norms that
known in [4].
Lemma 3.2. Let A,B,X ∈ Mn such that A and B are positive semidefinite. If
0 ≤ ν ≤ 1, then
|||A1−νXBν ||| ≤ |||AX|||1−ν|||XB|||ν.
In particular,
tr|A1−νBν | ≤ (trA)1−ν(trB)ν .
The third lemma is the Minkowski inequality for determinants that known in [5].
Lemma 3.3. Let A,B ∈Mn be positive definite. Then
det(A+B)
1
n ≥ detA 1n + detB 1n .
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In the next result we show an extension of inequality (1.12).
Theorem 3.4. Let A,B ∈Mn be positive definite. If 0 < ν ≤ 12 , then(
tr|A1−νBν |
)m
+ νm
(
trA+ trB
)m
−
(
2ν(tr(A)tr(B))
1
2 − r0((tr(A)tr(B)) 14 − (tr(A)) 12 )2
)m
≤
(
tr((1− ν)A + νB)
)m
(3.1)
and if 1
2
≤ ν ≤ 1, then(
tr|A1−νBν |
)m
+ (1− ν)m
(
trA+ trB
)m
−
(
2(1− ν)(tr(A)tr(B)) 12 − r0((tr(A)tr(B)) 14 − (tr(B)) 12 )2
)m
≤
(
tr((1− ν)A + νB)
)m
, (3.2)
where m = 1, 2, · · · , r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Proof. Let 0 < ν ≤ 1
2
. Then(
tr|A1−νBν |
)m
+ νm
(
trA+ trB
)m
−
(
2ν(tr(A)tr(B))
1
2 − r0((tr(A)tr(B)) 14 − (tr(A)) 12 )2
)m
≤
(
(tr(A))1−ν(tr(B))ν
)m
+ νm
(
trA + trB
)m
−
(
2ν(tr(A)tr(B))
1
2 − r0((tr(A)tr(B)) 14 − (tr(A)) 12 )2
)m
(by Lemma 3.2)
≤
(
(1− ν)tr(A) + νtr(B)
)m
(by Corollary 2.3)
=
(
tr((1− ν)A + νB)
)m
.
Thus, we get inequality (3.1). Using Corollary 2.3, Lemma 3.2 and with a same argu-
ment in the proof of (3.1), we have (3.2) for 1
2
≤ ν ≤ 1. 
Theorem 3.5. Let A,B ∈Mn be positive definite and 0 < ν ≤ 12 . Then
det(A1−νBν)m + νmn
(
detA + detB
)m
−
(
2ν(det(A)det(B))
1
2 − r0((det(A)det(B)) 14 − (det(A)) 12 )2
)m
≤ det((1− ν)A + νB)m
holds for m = 1, 2, · · · and r0 = min{2ν, 1− 2ν}.
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Proof.
det((1− ν)A + νB)m =
(
det((1− ν)A+ νB) 1n
)mn
≥
(
det((1− ν)A) 1n + det(νB) 1n
)mn
(by Lemma 3.3)
=
(
(1− ν)detA 1n + νdetB 1n
)mn
≥
(
(detA
1
n )1−ν(detB
1
n )ν
)mn
+ νmn
(
detA+ detB
)m
−
(
2ν(det(A)det(B))
1
2 − r0((det(A)det(B)) 14 − (det(A)) 12 )2
)m
(by Corollary 2.3)
= det(A1−νBν)m + νmn
(
detA+ detB
)m
−
(
2ν(det(A)det(B))
1
2 − r0((det(A)det(B)) 14 − (det(A)) 12 )2
)m
.

Theorem 3.6. Let A,B ∈Mn be positive definite. Then(
(1− ν)|||AX|||+ ν|||XB|||
)m
≥ |||A1−νXBν |||m + νm
(
|||AX|||+ |||XB|||
)m
−
(
2ν(|||AX||||||XB|||) 12 − r0((|||AX||||||XB|||) 14 − (|||AX|||) 12 )2
)m
where m = 1, 2, · · · , 0 < ν ≤ 1
2
and r0 = min{2ν, 1− 2ν}.
Proof. Applying Lemma 3.3 and Corollary 2.3 we have
|||A1−νXBν |||m + νm
(
|||AX|||+ |||XB|||
)m
−
(
2ν(|||AX||||||XB|||) 12 − r0((|||AX||||||XB|||) 14 − (|||AX|||) 12 )2
)m
≤
(
|||AX|||1−ν|||XB|||ν
)m
+ νm
(
|||AX|||+ |||XB|||
)m
−
(
2ν(|||AX||||||XB|||) 12 − r0((|||AX||||||XB|||) 14 − (|||AX|||) 12 )2
)m
(by Lemma 3.3)
≤
(
(1− ν)|||AX|||+ ν|||XB|||
)m
(by Corollary 2.3).

Remark 3.7. If 1
2
≤ ν ≤ 1, then similarly, we can prove the following inequalities
det((1− ν)A+ νB)m ≥ det(A1−νBν)m + (1− ν)mn
(
detA+ detB
)m
−
(
2(1− ν)(det(A)det(B)) 12 − r0((det(A)det(B)) 14 − (det(B)) 12 )2
)m
,
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and(
(1− ν)|||AX|||+ ν|||XB|||
)m
≥ |||A1−νXBν |||m + (1− ν)m
(
|||AX|||+ |||XB|||
)m
−
(
2(1− ν)(|||AX||||||XB|||) 12 − r0((|||AX||||||XB|||) 14 − (|||XB|||) 12 )2
)m
for all positive definite matrices A,B ∈Mn, m = 1, 2, · · · and r0 = min{2−2ν, 2ν−1}.
In [3], the authors showed that
2|||A 12XB 12 ||| ≤ |||AX +XB|||,
where A,B are positive definite matrices and X is an arbitrary matrix. Using this
inequality, inequalities (1.13) and (1.14), we have the next result.
Proposition 3.8. Let A,B,X ∈Mn such that A,B are positive semidefinite. Then
(i) If 0 < ν ≤ 1
2
, then
r2
∥∥∥AX +XB∥∥∥2
2
− 4
(
r2
∥∥∥A 12XB 12∥∥∥2
2
+ r0
∥∥∥A 34XB 14∥∥∥2
2
− r0
∥∥∥A 12XB 12 + AX∥∥∥2
2
)
≤
∥∥∥(1− ν)AX + νXB∥∥∥2
2
−
∥∥∥A1−νXBν∥∥∥2
2
≤ R2
∥∥∥AX +XB
∥∥∥2
2
−
(
4(R2
∥∥∥A 12XB 12
∥∥∥2
2
+
∥∥∥A 14XB 34
∥∥∥2
2
)− r0
∥∥∥A 12XB 12 +XB
∥∥∥2
2
)
;
(3.3)
(ii) if 1
2
< ν < 1, then
R2
∥∥∥AX +XB
∥∥∥2
2
−
(
4
(
R2
∥∥∥A 12XB 12
∥∥∥2
2
+ r0
∥∥∥A 14XB 34
∥∥∥2
2
)
− r0
∥∥∥A 12XB 12 −XB
∥∥∥2
2
)
≤
∥∥∥(1− ν)AX + νXB∥∥∥2
2
−
∥∥∥A1−νXBν∥∥∥2
2
≤ r2
∥∥∥AX +XB
∥∥∥2
2
−
(
4
(
r2
∥∥∥A 12XB 12
∥∥∥2
2
+ r0
∥∥∥A 34XB 14
∥∥∥2
2
)
− r0
∥∥∥A 12XB 12 + AX
∥∥∥2
2
)
,
(3.4)
where r = min{ν, 1− ν}, R = max{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Proof. Let 0 < ν ≤ 1
2
. Applying∥∥∥AX −XB∥∥∥2
2
=
∥∥∥AX +XB∥∥∥2
2
− 4
∥∥∥A 12XB 12∥∥∥2
2
,
∥∥∥A 12XB 12 −AX∥∥∥2
2
=
∥∥∥A 12XB 12 + AX∥∥∥2
2
− 4
∥∥∥A 34XB 14∥∥∥2
2
.
and inequality (1.13), we get the first inequality. For 1
2
< ν ≤ 1, we can prove the
second form of inequalities in a similar fashion. 
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Applying Lemma 2.1 and inequality (3.3), we have the following theorem.
Theorem 3.9. Let A,B,X ∈ Mn such that A and B are positive semidefinite. If
φ : [0,∞)→ R is a strictly increasing convex function and 0 < ν ≤ 1
2
, then
φ
(
r2
∥∥∥AX +XB∥∥∥2
2
)
− φ
(
4
(
r2
∥∥∥A 12XB 12 ∥∥∥2
2
+ r0
∥∥∥A 34XB 14 ∥∥∥2
2
)
− r0
∥∥∥A 12XB 12 +AX∥∥∥2
2
)
≤ φ
(∥∥∥(1− ν)AX + νXB∥∥∥2
2
)
− φ
(∥∥∥A1−νXBν∥∥∥2
2
)
≤ φ
(
R2
∥∥∥AX +XB
∥∥∥2
2
)
− φ
(
4
(
R2
∥∥∥A 12XB 12
∥∥∥2
2
+
∥∥∥A 14XB 34
∥∥∥2
2
)
− r0
∥∥∥A 12XB 12 +XB
∥∥∥2
2
)
,
where r = min{ν, 1− ν}, R = max{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Remark 3.10. Note that for 1
2
< ν < 1, we can get the similarly inequality.
Example 3.11. If φ(x) = x
m
2 (m ≥ 2), then using Theorem 3.9 we have
rm
∥∥∥AX +XB∥∥∥m
2
−
(
4r2
∥∥∥A 12XB 12∥∥∥2
2
+ r0
∥∥∥A 34XB 14∥∥∥2
2
− r0
∥∥∥A 12XB 12 + AX∥∥∥2
2
)m
2
≤
∥∥∥(1− ν)AX + νXB
∥∥∥m
2
−
∥∥∥A1−νXBν
∥∥∥m
2
≤ Rm
∥∥∥AX +XB∥∥∥m
2
−
(
4
(
R2
∥∥∥A 12XB 12∥∥∥2
2
+
∥∥∥A 14XB 34∥∥∥2
2
)
− r0
∥∥∥A 12XB 12 +XB∥∥∥2
2
)m
2
.
Replacing a and b by their squares in inequality (1.1), for 0 < ν ≤ 1
2
, we have
(a1−νbν)2 + r0(
√
ab− a)2 + r(a− b)2 ≤ (1− ν)a2 + νb2. (3.5)
Now, Applying (3.5), we have the following lemma.
Lemma 3.12. If a, b ≥ 0 and 0 ≤ ν ≤ 1, then
(a1−νbν + aνb1−ν)2 + 2r(a− b)2 + r0[(
√
ab− a)2 + (
√
ab− b)2] ≤ (a+ b)2,
where r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Proof. We have
(a+ b)2−(a1−νbν + aνb1−ν)2
= a2 + b2 − a2νb2(1−ν) − a2(1−ν)b2ν
= (1− ν)a2 + νb2 − a2(1−ν)b2ν + νa2 + (1− ν)b2 − a2νb2(1−ν)
≥ r(a− b)2 + r0(
√
ab− a)2 + r(a− b)2 + r0(
√
ab− b)2
= 2r(a− b)2 + r0[(
√
ab− a)2 + (
√
ab− b)2].
It follows the desired result. 
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Now, applying Theorem 3.12, we improve the Heinz inequality for the Hilbert-
Schmidt norm as follows:
Theorem 3.13. Let A,B,X ∈ Mn such that A and B are positive semidefinite. If
0 < ν ≤ 1
2
, then∥∥∥AνXB1−ν + A1−νXBν∥∥∥2
2
≤
∥∥∥AX +XB∥∥∥2
2
− 2r
∥∥∥AX −XB∥∥∥2
2
− r0
(∥∥∥A 12XB 12 −AX∥∥∥2
2
+
∥∥∥A 12XB 12 −XB∥∥∥2
2
)
,
where r = min{ν, 1− ν} and r0 = min{2r, 1− 2r}.
Proof. Since A,B ≥ 0, it follows that there are unitary matrices U, V ∈Mn such that
A = UDU∗ and B = V EV ∗, where D = diag(λ1, · · · , λn), E = diag(µ1, · · · , µn) and
λi, µi ≥ 0 (i = 1, 2, · · · , n). If Y = U∗XV = [yij], then
(AνXB1−ν + A1−νXBν) = U((λ1−νi µ
ν
j + λ
ν
i µ
1−ν
j )yij)U
∗,
AX +XB = U [(λi + µj) ◦ Y ]V ∗, AX −XB = U [(λi − µj) ◦ Y ]V ∗,
A
1
2XB
1
2−AX = U [((λiµj) 12−λi)◦Y ]V ∗, A 12XB 12−XB = U [((λiµj) 12−µj)◦Y ]V ∗,
whence∥∥∥AνXB1−ν + A1−νXBν
∥∥∥2
2
=
( n∑
i,j=1
(λ1−νi µ
ν
j + λ
ν
i µ
1−ν
j )
2|yij|2
)
≤
n∑
i,j=1
(λi + µj)
2|yij|2 − 2r
n∑
i,j=1
(λi − µj)2|yij|2
− r0
∑[
(λ
1
2
i µ
1
2
j − λi)2 + (λ
1
2
i µ
1
2
j − µj)2
]
|yij|2
(by Theorem 3.12)
=
∥∥∥AX +XB
∥∥∥2
2
− 2r
∥∥∥AX −XB
∥∥∥2
2
− r0
(∥∥∥A 12XB 12 −AX
∥∥∥2
2
+
∥∥∥A 12XB 12 −XB
∥∥∥2
2
)
.

Applying the triangle inequality and Lemma 3.2 we have the following result.
Proposition 3.14. Let A,B,X ∈Mn such that A and B are positive semidefinite. If
0 < ν ≤ 1
2
, then
|||A1−νXBν + AνXB1−ν ||| ≤ (1− 2ν)(|||AX|||+ |||XB|||)−
(
2(2ν
√
|||AX||||||XB|||)
− r0
(
(
√
|||AX|||+ 4
√
|||AX||||||XB|||)2 + (
√
|||XB|||+ 4
√
|||AX||||||XB|||)2
))
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Proof. We have
|||A1−νXBν + AνXB1−ν |||
≤ |||A1−νXBν |||+ |||AνXB1−ν |||
≤ |||AX|||1−ν|||XB|||ν + |||AX|||ν|||XB|||1−ν
≤ |||AX|||+ |||XB||| − 2ν(|||AX|||+ |||XB|||)
−
(
2(2ν
√
|||AX||||||XB|||)− r0
(
(
√
|||AX|||+ 4
√
|||AX||||||XB|||)2
+ (
√
|||XB|||+ 4
√
|||AX||||||XB|||)2
))
.

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